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Part 1

Introduction

Statistical mechanics studies the properties of large particle ensembles where parti-
cles interact with each other according to the laws of mechanics. Since the systems
are typically very large (for example, in a gas there are around 10%* molecules in
a unit of volume), the derivation of reduced models describing the statistics of the
system, such as the so-called kinetic models, has became a central problem in the

field.

In this seminar we will study some mathematical methods to obtain kinetic
models through many-particle limits, such as the mean-field and the Boltzmann-
Grad limits. In particular, we will outline the main steps of the derivation of some
classical kinetic equations, namely

e the Vlasov equation (1938), used in the modelling of plasmas,
e the Smoluchowski equation (1916) for polymerization and aerosol dynamics
e the Boltzmann equation (1872) for rarefied gases

e or the Hartree equation (1927) used in quamtum chemistry.



Possible topics and references

We will study between 2 to 4 topics chosen among the six topics listed below.

o Mean-field limits

In the case of systems in which the behaviour of each particle is affected by
all the other particles, the mean-field limit allows to replace the full system by
one effective equation for one typical particle under the effect of an average
interaction.

Possible topics on the derivation of kinetic equations using mean-field limits
are:
1. From Newton to Vlasov equation: mean-field limit in classical mechanics
(], Lecture 1)

2. Derivation of the Smoluchowski coagulation equation from coalescing par-
ticles ([5], Section 4)

3. From Schrodinger to Hartree equation: mean-field limit in quantum me-
chanics ([3], Lecture 3)
e Pairwise interactions and the Boltzmann-Grad limit

If instead the particles only interact locally, for example, in the case of pairwise
collisions in rarefied gas, then the mean-field theory is not suitable. Alternative
approaches are available involving the so-called Boltzmann-Grad limit.

Possible topics and references in this direction are:

4. From the deterministic hard-sphere system to the Boltzmann equation
([2], Section 1.5 and [1, Section 4.6)

5. From the Kac’s model to the Boltzmann equation ([1], Section 4.1)

6. From coagulating Brownian particles to the Smoluchowski coagulation-
diffusion equation ([4], Section 4)
Prerequisites

Functional analysis or stochastic processes.
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Part 11

This reading seminar is dedicated to the study of Unique Continuation Properties
(UCP) for second order elliptic partial differential equations. A typical and well-
known example of such UCP is the following: let {2 be a non-empty connected open
domain of R%, and w be a non-empty open subset of 2. Then any harmonic function
u that is identically zero in w is identically zero in 2. Schematically:

) =u=01in Q.
=0 in w,

{ Au=0inQ,
We will demonstrate that result, discuss some extensions, in particular the so-called
propagation of smallness which is a quantified version of the UCP, and some appli-
cations of UCP to inverse problems and spectral theory.
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