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Context: Nonlinear hyperbolic systems are known to form singularities (shocks) in finite
time, even for small and smooth initial data, as shown in the classical works of Lax [5] and
Serre [6]. In this project, we propose to investigate hyperbolic systems with dissipative and
anti-dissipative terms, and to examine how these affect the behavior of the solutions: does the
blow-up still occur? If so, is the blow-up time delayed compared to the case without dissipation?
If not, how do the solutions behave for large times?

1 Influence of damping on the formation of singularities in hy-
perbolic systems

The first objective of this project is to understand how weak solutions behave under the influence
of dissipative mechanism (such as friction) in the context of hyperbolic systems. In the case of
the damped Burgers equation, it is known that damping modifies the blow-up time compared
to the undamped dynamics, see [2, p.78]. Here, as a first step, we wish to review the result
obtained in the literature concerning the damped p-system:

∂tρ− ∂xu = 0,

∂tu+ ∂xP + u = 0,

(ρ, u)
∣∣
t=0

= (ρ0, u0),

(1)

where, for (t, x) ∈ R+ × R, ρ := ρ(x, t) represents the density of the fluid, u := u(x, t) the
velocity and P := P (ρ) the pressure. In particular, we shall investigate the so-called diffusion
phenomena which allows the existence of global-in-time BV solution, see [3]. This result will
also be compared with the findings of Sideris et al. [8], where a blow-up is observed for the
three-dimensional compressible Euler system with damping.

Then, we shall generalize these analysis to the class of one-dimensional partially dissipative
hyperbolic systems of the form

∂tU +A(U)∂xU +BU = 0 (2)
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where, for n ∈ N∗, U := U(t, x) ∈ Rn is the unknown, A is a smooth symmetric matrix-valued
function and B is a symmetric matrix such that

B =

(
0 0
0 D

)
where D is a symmetric positive definite n2 × n2 matrix with n = n1 + n2. The goal is to
understand the interplay between the nonlinear term A(U) and the linear dissipation D in the
context of the blow-up time of the solutions.

2 Dissipative and anti-dissipative effects in a perturbative frame-
work

In this section, we focus on strong solutions to hyperbolic systems that exist for all times.
For hyperbolic systems with sufficient dissipative mechanisms, it is well-known that small and
smooth initial data lead to global-in-time solutions. In particular, several works have shown
that dissipation does not need to act on every equation of the system: in many cases, damping
acting only some of the components suffices to stabilize the full dynamics. This phenomenon is
related to the theory of hypocoercivity developed by Villani [9], see also the works of Shizuta
and Kawashima [4,7] and of Beauchard and Zuazua [1].

When considering small initial data, it is the linearization of the nonlinear dynamics around
an equilibrium that dictates the behavior of the solutions. Therefore, we restrict ourselves to
the analysis of linear one-dimensional systems of the form

∂tU +A∂xU +BU − CU = 0, (3)

where, for n ∈ N∗, U := U(t, x) ∈ Rn, A is a symmetric n×n matrix, and B and C are positive
definite n× n matrices such that

B =

(
0 0
0 D

)
and C =

(
G 0
0 0

)
where D is a positive definite n2 × n2 matrix and G is a positive definite n1 × n1 matrix with
n = n1 + n2.

The objectives are the following:

• Case C = 0. When A and B satisfy the Kalman rank condition (see [1]), we aim to
recover, through energy estimates, the sharp time-decaying estimates predicted by the
spectral analysis. Classical hypocoercivity tools do not yield sharp decay rates, and our
goal is to design a method that refines/optimizes the hypocoercive approach by splitting
(potentially a very large number of times) appropriately the frequency domain.

• Case C ̸= 0. Extend the results of Beauchard and Zuazua [1] by incorporating anti-
damping effects into the system. The aim is to improve the understanding of the interplay
between the conservative part A, the dissipative part B and the anti-dissipative terms C,
and to identify sharp algebraic conditions on these matrices ensuring the L2-stability of
the system.
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