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In a recent paper https://arxiv.org/abs/2502.09114 we study sequences
of partitions of the unit interval into subintervals, starting from the trivial
partition, in which each partition is obtained from the one before by splitting
its subintervals in two, according to a given rule, and then merging pairs of
subintervals at the break points of the old partition. The nth partition then
comprises n + 1 subintervals with n break points, which inherently possess
an interlacing property. The empirical distribution of these points reveals
a surprisingly rich structure. A goal of the internship will be to study in
depth this article.

Extension to split-merge dynamics of the circle could be considered as
follows. Fix a positive integer N and let EN denote the set of subsets of the
circle S = R/Z of size N . For x ∈ EN , we will use coordinates (x1, . . . , xN )
where x1 . . . , xN ∈ (0, 1] with x1 < · · · < xN and x = {x1 +Z, . . . , xN +Z}.
We write x = (x1, . . . , xN ) and we set xN+1 = x1 + 1. For x, y ∈ EN , we
say that x and y are interlaced if one of the following hold:

either x1 < y1 < · · · < xN < yN or y1 < x1 < · · · < yN < xN ,

which will be denoted x < y in the first case or y < x in the second case.
Consider the Markov chain (X(n))n≥0 in EN starting from X(0) =

(x1, . . . , xN ) where we obtainX(n+1) fromX(n) by taking independent uni-
form random variables U1, . . . , UN , in the intervals (x1, x2), . . . , (xN , xN+1)
respectively, and setting X(n + 1) = {U1 + Z, . . . , UN + Z}. Note that,
if UN ≤ 1 then Xk(n + 1) = Uk + Z for all k, while if UN > 1 then
X1(n + 1) = UN + Z. We remark that X(n) and X(n + 1) are interlaced.
Let us define the process ZN

n valued in the integers that starts from 0 and
increases by 1 if X(n) < X(n+ 1) and decreases by 1 in the other case. A

first question could be to show that

(
ZN
[nt]√
n

)
0≤t≤1

converges in distribution



to σN (Bt)0≤t≤1 where Bt is a Brownian motion and σN > 0. The next step
will be to compute σN in the spirit of [1] or at least limN σN .

The interlacing property has been also considered in a different models
of mathematical physics called Gefand-Tsetlin patterns. This topic could
be developed into a larger project for a PhD student.
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